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Abstract
Sufficient and necessary criteria are established for the uniform stability and uniformly
asymptotic stability of solutions of neutral functional differential equations (NFDEs) with
finite delay by using the Liapunov functional approach. We also prove that the uniformly
asymptotic stability of solutions implies the existence of bounded solution.
 2002 Elsevier Science (USA). All rights reserved.
Keywords: NFDEs; Stability; Boundedness; Liapunov functional; Sufficient and necessary criteria
1. Introduction
The stability and boundedness of solutions are very important in the theory
of differential equations. Many authors have done very excellent works [1–5].
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Lin [3] established sufficient and necessary conditions for the uniform stability
and uniformly asymptotic stability of solutions to ordinary differential equations
(ODEs) and proved that the uniformly asymptotic stability of solutions implies
the existence of bounded solutions and then dealt with the existence of periodic
solutions and almost periodic solutions for ODEs. Dishen and Wang [4] extended
the main results in [3] to retarded functional differential equations (RFDEs) with
finite delay. Similar results on the stability and boundedness of solutions are
also derived for REDEs with infinite delay [5]. It is reasonable to ask whether
the conclusion are valid for neutral functional differential equations (NFDEs).
However, no similar work has been done for NFDEs.
The principle aim of this paper is to attack the stability and boundedness
of solutions of NFDEs with finite delay. Following the idea in [3–5], we will
establish sufficient and necessary criteria for the existence of some Liapunov
functionals which guarantee the uniform stability and the uniformly asymptotic
stability of solutions of NFDEs with finite delay, then we also show that the
uniformly asymptotic stability of solutions implies the existence of bounded
solutions. For NFDEs with infinite delay, we deal with it in another paper [6].
2. Definitions
Let Rn denote the n-dimensional Euclidean space,R−,R+,R denote (−∞,0],
[0,+∞), (−∞,+∞), respectively, and let (C,‖ · ‖) be the Banach space con-
sisted of continuous functions ϕ : [−r,0]→Rn with the supremum norm, i.e.,
‖ϕ‖ := sup
θ∈[−r,0]
∣∣ϕ(θ)∣∣, for any ϕ ∈C.
Consider the NFDEs with finite delay of the form
d
dt
(
D(t)xt
)= f (t, xt ), (2.1)
where xt ∈ C is defined by xt (s)= x(t + s) for any s ∈ [−r,0] and D :R→ C∗,
C∗ is the conjugate space of C.
Definition 2.1. The operator D(t) is said to be uniformly stable, if for any
h ∈ C(R,Rn), there exist positive constants b, c > 0 such that the solutions of
the generalized difference equation D(t)y(t)= h(t), t  t0, yt0 = ϕ, satisfy∥∥yt (t0, ϕ,h)∥∥ c exp{−b(t − t0)}‖yt0‖+ c sup
t0θt
∣∣h(θ)∣∣, t  t0.
In the following discussion, we always assume that
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(H1) D(t) is linear, uniformly stable and is uniformly bounded on R, i.e., there
exists positive constant d > 0 such that |D(t)ϕ| d‖ϕ‖ for any t ∈ R and
ϕ ∈C.
(H2) For each (t0, ϕ) ∈ R × C, there exists a unique solution xt (t0, ϕ) of (2.1)
with xt0 = ϕ and can be continued for all future time.
(H3) There exist positive constants K,M > 0 such that for any (t, ϕ), (t,ψ) ∈
R ×C, one has∣∣f (t,0)∣∣M, (2.2)∣∣f (t, ϕ)− f (t,ψ)∣∣K‖ϕ −ψ‖. (2.3)
Definition 2.2. The solutions of (2.1) are said to be uniformly stable, if for any
ε > 0, there exists a δ > 0 such that for any (t0, ϕ), (t,ψ) ∈ R+ × C, t  t0, if
‖ϕ −ψ‖< δ, then ‖xt (t0, ϕ)− xt (t0,ψ)‖< ε.
Definition 2.3. The solutions of (2.1) are said to be uniformly asymptotically
stable, if the solutions of (2.1) are uniformly stable, and there is a δ0 > 0 such that
for any ε > 0, there exists a T = T (ε) > 0, such that if (t0, ϕ), (t,ψ) ∈ R × C,
t  t0 + T , and ‖ϕ −ψ‖< δ0, then ‖xt (t0, ϕ)− xt (t0,ψ)‖< ε.
Definition 2.4 [5]. A functionW :R+ → R+ is said to be positive definite, if W is
continuous with W(0)= 0 and W(x) > 0 for any x = 0.
Definition 2.5. A functional V :R+ × C × C → R is said to be a normal
functional, if V is continuous and there exists a positive definite function W(x)
such that V (t, ϕ,ψ)W(‖ϕ −ψ‖) for all t ∈ R and ϕ,ψ ∈C.
Definition 2.6. A functional V :R+ × C × C → R is said to be a controllable
functional, if V is continuous and there exists a positive definite function W(x)
such that |V (t, ϕ,ψ)|W(‖ϕ −ψ‖) for all t ∈R and ϕ,ψ ∈ C.
3. Stability and boundedness
In order to reach our main results, we shall first establish some important
lemmas.
Lemma 3.1. A functional V (t, ϕ,ψ) is a normal functional if and only if for
any bounded set Ω ⊂ C and any ε > 0, there exists a δ = δ(ε) > 0 such that if
ϕ −ψ ∈Ω and ‖ϕ −ψ‖ ε, then V (t, ϕ,ψ) δ for all t ∈ R.
Proof. Necessity. From the fact that V (t, ϕ,ψ) is a normal functional, it follows
that there exists a positive definite function W(x) such that V (t, ϕ,ψ) 
W(‖ϕ −ψ‖).
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We prove the necessity by contradiction. Suppose that the conclusion is not
valid. Then there exist a bounded set D, an ε0 > 0 and a positive sequence
{tn} such that for any δn = 1/n, if ϕn − ψn ∈ D and ‖ϕn − ψn‖  ε0, then
V (tn,ϕn,ψn) < δn and, hence, W(‖ϕn −ψn‖) < δn.
Without loss of generality, we can assume that {αn} = {‖ϕn −ψn‖} is conver-
gent (otherwise, we can select a subsequence); i.e., there exists an x0 ∈ R+ such
that αn = ‖ϕn − ψn‖→ x0 ∈ R+, as n→+∞. The continuity of W(x) implies
W(x0)= 0, and hence x0 = 0 since W(x) is positive definite. This contradicts to
the fact that x0  ε0, since ‖ϕn − ψn‖ ε0. The contradiction proves the neces-
sity.
Sufficiency. Choose a positive sequence {εn} such that εn+1 < εn and εn → 0
as n → +∞. For each εn, there exists a δn > 0 such that if ϕ − ψ ∈ D and
‖ϕ − ψ‖  εn, then V (t, ϕ,ψ)  δn for all t ∈ R+. Without loss of generality
we can assume that δn+1 < δn and δn → 0 as n→+∞ (in fact, it only needs to
replace δn with δ¯n :=min{(δn−1)/2, δn)). Define W(x) as
W(0)= 0,
W(x)= δi+1 + δi − δi+1
εi−1 − εi (x − εi), x ∈ [εi, εi−1].
W(x) is obviously positive definite. It is not difficult to show that W(x) is
continuous and such that V (t, ϕ,ψ) W(‖ϕ − ψ‖). That is to say, V (t, ϕ,ψ)
is a normal functional. The proof is complete. ✷
Lemma 3.2. A functional V (t, ϕ,ψ) is a controllable functional if and only
if for any ε > 0, there exists a δ = δ(ε) > 0 such that if ‖ϕ − ψ‖ < δ, then
|V (t, ϕ,ψ)| ε for all t ∈R+.
Proof. Necessity. Since V (t, ϕ,ψ) is controllable, there exists a positive definite
function W(x) such that∣∣V (t, ϕ,ψ)∣∣W(‖ϕ −ψ‖), t ∈ R+.
Since W(0)= 0 and W(x) is continuous, then
lim‖ϕ−ψ‖→0W
(‖ϕ −ψ‖)= 0;
i.e., for any ε > 0, there exists a δ = δ(ε) > 0 such that if ‖ϕ −ψ‖< δ, then
W
(‖ϕ −ψ‖) ε, t ∈ R+,
and, hence, |V (t, ϕ,ψ)| ε for any t ∈ R+.
Sufficiency. Choose a positive sequence {εn} such that εn+1 < εn and εn → 0
as n→+∞. For each εn, there exists a δn > 0 such that if ‖ϕ −ψ‖< δn, then∣∣V (t,φ,ψ)∣∣ εn, t ∈R+.
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We may assume that δn+1 < δn and δn → 0 as n→+∞ (in fact, it only needs to
replace δn with δ¯n := min{(δn−1)/2, δn)). Define W(x) as
W(0)= 0,
W(x)= εi+1 + εi − εi+1
δi − δi+1 (x − δi+1), x ∈ [δi+1, δi].
W(x) is obviously positive definite. It is not difficult to show that W(x) is
continuous and |V (t, ϕ,ψ)| W(‖ϕ − ψ‖) for any t ∈ R+, which proves that
V (t, ϕ,ψ) is a controllable functional. The proof is complete. ✷
Theorem 3.1. The solutions of (2.1) are uniformly stable if and only if there
exists a normal and controllable functional V (t, ϕ,ψ) such that V (t, xt(t0, ϕ),
xt (t0,ψ)) is monotonically nonincreasing with respect to t for any t0 ∈ R+ and
ϕ,ψ ∈ C.
Proof. Necessity. Consider the functional defined by
V (t, ϕ,ψ)= inf
0τt
∥∥xτ (t, ϕ)− xτ (t,ψ)∥∥.
Obviously, |V (t, ϕ,ψ)|  ‖ϕ − ψ‖, i.e., V (t, ϕ,ψ) is controllable. Since the
solutions of (2.1) are uniformly stable, for any ε > 0 there exists δ = δ(ε) > 0
such that if ‖ϕ −ψ‖< δ, then ‖xt (τ,ϕ)− xt (τ,ψ)‖< ε for any t  τ .
We claim that if ‖ϕ −ψ‖ ε, then ‖xτ (t, ϕ)− xτ (t,ψ)‖ δ for any t  τ .
In fact, if this is not true, then there exist ϕ0,ψ0 ∈ C with ‖ϕ0 −ψ0‖ ε and
t0  τ0 such that∥∥xτ0(t0, ϕ0)− xτ0(t0,ψ0)∥∥< δ.
Let ϕ¯ := xτ0(t0, ϕ0), ψ¯ := xτ0(t0,ψ0). Then ϕ¯, ψ¯ ∈C and ‖ϕ¯− ψ¯‖< δ. From the
uniform stability of the solutions of (2.1), it follows that∥∥xt (τ, ϕ¯)− xt (τ, ψ¯)∥∥< ε, t  τ.
In particular, let t = t0, τ = τ0. Then∥∥xt0(τ0, xτ0(t0, ϕ0))− xt0(τ0, xτ0(t0,ψ0))∥∥< ε,
i.e., ‖ϕ0 −ψ0‖< ε, which contradicts to the fact that ‖ϕ0 −ψ0‖ ε, and hence,
if ‖ϕ −ψ‖ ε, then ‖xτ (t, ϕ)− xτ (t,ψ)‖ δ for any t  τ , which implies
V (t, ϕ,ψ) δ, t ∈R+.
From the sufficiency of Lemma 3.1, it follows that V (t, ϕ,ψ) is a normal func-
tional.
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For any t1 < t2, t0 ∈ R+ and ϕ,ψ ∈C,
V
(
t1, xt1(t0, ϕ), xt1(t0,ψ)
)
= inf
0τt1
∥∥xτ (t1, xt1(t0, ϕ))− xτ (t1, xt1(t0,ψ))∥∥
= inf
0τt1
∥∥xτ (t0, ϕ)− xτ (t0,ψ)∥∥ inf
0τt2
∥∥xτ (t0, ϕ)− xτ (t0,ψ)∥∥
= inf
0τt2
∥∥xτ (t2, xt2(t0, ϕ))− xτ (t2, xt2(t0,ψ))∥∥
= V (t2, xt2(t0, ϕ), xt2(t0,ψ)).
Sufficiency. Suppose that the conclusion is not valid, i.e., the solutions of (2.1)
are not uniformly asymptotically stable. Then, there exists an ε0 > 0 such that for
any δn = ε0/n, there exist ϕn,ψn ∈ Cn and tn, τn ∈ R+, tn  τn, such that when
‖ϕn −ψn‖< δn, we have∥∥xtn(τn,ϕn)− xtn(τn,ψn)∥∥ ε0.
We can choose a t¯n ∈ [τn, tn] such that∥∥xt¯n(τn,ϕn)− xt¯n(τn,ψn)∥∥= ε0.
Let D := {ϕ ∈ C: ‖ϕ‖  ε0}. Then xt¯n(τn,ϕn) − xt¯n(τn,ψn) ∈ D. Since
V (t, ϕ,ψ) is a normal functional, for the ε0 above there exists a δ0 > 0 such
that
V
(
t, xt¯n(τn,ϕn), xt¯n(τn,ψn)
)
 δ0, t ∈R+.
Let t = t¯n. Then
V
(
t¯n, xt¯n(τn,ϕn), xt¯n(τn,ψn)
)
 δ0.
Since V (t, x, y) is controllable functional, from the necessity of Lemma 3.2, for
the above δ0, there is an η0 > 0 such that if ‖ϕ −ψ‖< η0, then
V (t, ϕ,ψ) <
δ0
2
, for any t ∈R+.
One can easily see that there exists n such that ‖ϕn −ψn‖< δn < η0. Therefore,
for any t ∈ R+, one has
V (t, ϕn,ψn) <
δ0
2
.
Take t = τn. Then V (τn,ϕn,ψn) < δ0/2. Note that V (t, xt(τn,ϕn), xt (τn,ψn)) is
monotonically nonincreasing with respect to t . Then it follows that
δ0  V
(
t¯n, xt¯n(τn,ϕn), xt¯n(τn,ψn)
)
 V
(
τn, xτn(τn,ϕn), xτn(τn,ψn)
)
 V (τn,ϕn,ψn) <
δ0
2
,
which is absurd. Now we can claim that (2.1) is uniformly stable. ✷
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If the solutions of (2.1) are uniformly asymptotically stable, then let
V (t, ϕ,ψ) := sup
τ0
(∥∥xt+τ (t, ϕ)− xt+τ (t,ψ)∥∥1+ 2τ1 + τ
)
. (3.1)
By the definition of V (t, ϕ,ψ), one can prove the following lemma.
Lemma 3.3. V (t, ϕ,ψ) ‖ϕ −ψ‖, i.e., V (t, ϕ,ψ) is a normal functional.
Proof. It is clear that
V (t, ϕ,ψ)= sup
τ0
(∥∥xt+τ (t, ϕ)− xt+τ (t,ψ)∥∥1+ 2τ1 + τ
)

∥∥xt (t, ϕ)− xt (t,ψ)∥∥= ‖ϕ −ψ‖. ✷
Lemma 3.4. V (t, ϕ,ψ) is also a controllable functional.
Proof. Since the solutions of (2.1) are uniformly stable, for any ε > 0 there exists
a δ = δ(ε) > 0 such that if ‖ϕ −ψ‖< δ, then∥∥xt+τ (t, ϕ)− xt+τ (t,ψ)∥∥< ε4 ,
for any τ  0, and hence
V (t, ϕ,ψ)= sup
τ0
(∥∥xt+τ (t, ϕ)− xt+τ (t,ψ)∥∥1+ 2τ1 + τ
)
 sup
τ0
(
ε
4
1 + 2τ
1 + τ
)
= ε
2
< ε.
By Lemma 3.2, V (t, ϕ,ψ) is a controllable functional. ✷
Lemma 3.5. For any ε: 0 < ε < δ0/4 and h > 0, if ‖ϕ −ψ‖ 2ε, then
V
(
t + h,xt+h(t, ϕ), xt+h(t,ψ)
)
 sup
0τT
(∥∥xt+τ (t, ϕ)− xt+τ (t,ψ)∥∥1+ 2(τ − h)1 + τ − h
)
.
In particular, if h= 0, then
V (t, ϕ,ψ)= sup
0τT
(∥∥xt+τ (t, ϕ)− xt+τ (t,ψ)∥∥1 + 2τ1 + τ
)
,
where δ0, T = T (ε) are defined in Definition 2.3.
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Proof. Since the solutions of (2.1) are uniformly asymptotically stable, by Def-
inition 2.3, for δ0 > 0 and 0 < ε < δ0/4, there exists a T = T (ε) > 0 such that
when ‖ϕ¯ − ψ¯‖< δ0, we have∥∥xt+τ (t, ϕ¯)− xt+τ (t, ψ¯)∥∥< ε, τ  T .
If 2ε  ‖ϕ −ψ‖< δ0, then, for τ  T ,∥∥xt+τ (t, ϕ)− xt+τ (t,ψ)∥∥1+ 2(τ − h)1 + τ − h < 2ε  ‖ϕ −ψ‖.
If ‖ϕ − ψ‖  δ0, then there exists a positive integer m such that m 
‖ϕ −ψ‖/δ0 <m+ 1. Let
ϕi = ϕ + i
m+ 1 (ψ − ϕ), i = 0,1, . . . ,m.
Since 0 < ε < δ0/4, then
2ε  ‖ϕ − ϕ1‖,‖ϕ1 − ϕ2‖, . . . ,‖ϕm −ψ‖< δ0.
Therefore, for τ  T ,
∥∥xt+τ (t, ϕ)− xt+τ (t,ψ)∥∥1+ 2(τ − h)1 + τ − h  2
∥∥xt+τ (t, ϕ)− xt+τ (t,ψ)∥∥
 2
(∥∥xt+τ (t, ϕ)− xt+τ (t, ϕ1)∥∥+ · · · + ∥∥xt+τ (t, ϕm)− xt+τ (t,ψ)∥∥)
< 2(m+ 1)ε  ‖ϕ − ϕ1‖+ ‖ϕ1 − ϕ2‖ + · · · + ‖ϕm −ψ‖ = ‖ϕ −ψ‖,
and hence
V
(
t + h,xt+h(t, ϕ), xt+h(t,ψ)
)
= sup
τ0
(∥∥xt+h+τ (t + h,xt+h(t, ϕ))
− xt+h+τ
(
t + h,xt+h(t,ψ)
)∥∥1+ 2τ
1 + τ
)
= sup
τ0
(∥∥xt+h+τ (t, ϕ)− xt+h+τ (t,ψ)∥∥1+ 2τ1 + τ
)
= sup
τh
(∥∥xt+τ (t, ϕ)− xt+τ (t,ψ)∥∥1+ 2(τ − h)1 + τ − h
)
 sup
τ0
(∥∥xt+τ (t, ϕ)− xt+τ (t,ψ)∥∥1+ 2(τ − h)1+ τ − h
)
= sup
0τT
(∥∥xt+τ (t, ϕ)− xt+τ (t,ψ)∥∥1 + 2(τ − h)1 + τ − h
)
. ✷
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For a continuous functional V :R×C ×C→R, define
V ′(2.1)(t, ϕ,ψ) := lim
h→0+
1
h
[
V
(
t + h,xt+h(t, ϕ), xt+h(t,ψ)
)− V (t, ϕ,ψ)].
Theorem 3.2. The solutions of (2.1) are uniformly asymptotically stable if
and only if there is a normal and controllable functional V (t, ϕ,ψ) such that
−V ′(2.1)(t, ϕ,ψ) is a normal functional.
Proof. Necessity. From (3.1), Lemmas 3.3 and 3.4, it follows that V (t, ϕ,ψ) is a
normal and controllable functional. To complete the proof, it is only necessary to
show that −V ′(2.1)(t, ϕ,ψ) is a normal functional.
By Lemma 3.5, for any ε > 0 and ϕ,ψ ∈ C with ‖ϕ −ψ‖ 2ε, we have
V
(
t + h,xt+h(t, ϕ), xt+h(t,ψ)
)
 sup
0τT
(∥∥xt+τ (t, ϕ)− xt+τ (t,ψ)∥∥1+ 2(τ − h)1 + τ − h
)
= sup
0τT
(∥∥xt+τ (t, ϕ)− xt+τ (t,ψ)∥∥1 + 2τ1+ τ
×
(
1− h
(1 + 2τ )(1+ τ − h)
))
 sup
0τT
(∥∥xt+τ (t, ϕ)− xt+τ (t,ψ)∥∥1+ 2τ1+ τ
(
1− h
(1 + 2T )2
))
 V (t, ϕ,ψ)
(
1− h
(1 + 2T )2
)
,
where T = T (ε) is defined in Definition 2.3. Then, by Lemma 3.5, we have
−V ′(2.1)(t, ϕ,ψ)
V (t, ϕ,ψ)
(1 + 2T )2 
‖ϕ −ψ‖
(1 + 2T )2 
2ε
(1+ 2T )2 .
Take δ1 := 2ε/(1+ 2T )2. Then V ′(2.1)(t, ϕ,ψ) δ1, if ‖ϕ −ψ‖ 2ε, which, by
Lemma 3.1, proves V ′(2.1)(t, ϕ,ψ) is a normal functional.
Sufficiency. By Theorem 3.1, the solutions of (2.1) are uniformly stable. Hence,
there exists a δ0 > 0 such that if ‖ϕ −ψ‖< δ0, then∥∥xt+τ (t, ϕ)− xt+τ (t,ψ)∥∥< 1, τ  0.
We only need to show that for any ε > 0, there exists a T = T (ε) > 0 such that
for any t ∈ R+ and ϕ,ψ ∈ C, if τ  T and ‖ϕ − ψ‖ < δ0, then ‖xt+τ (t, ϕ)−
xt+τ (t,ψ)‖< ε. We prove this by contradiction arguments.
Now let us assume that the above claim is not true. Then there exists an ε0 > 0
and for any number sequence {Tm} with Tm → +∞ as m→ +∞, there exist
ϕm,ψm ∈C and tm ∈ R+ such that ‖ϕm −ψm‖< δ0, but∥∥xtm+Tm(tm,ϕm)− xtm+Tm(tm,ψm)∥∥ ε0.
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Let D := {ϕ ∈ C: ‖ϕ‖ < 1}. Since V (t, ϕ,ψ) is normal functional, by the
necessity of Lemma 3.1 there exists I0 > 0 such that
V
(
tm + Tm,xtm+Tm(tm,ϕm), xtm+Tm(tm,ψm)
)
 I0.
From the necessity of Lemma 3.2 and the fact that V (t, ϕ,ψ) is a controllable
functional, it follows that there exists an L0 > 0 such that∥∥xtm+τ (tm,ϕm), xtm+τ (tm,ψm)∥∥ L0.
Note that −V ′
(2.1)(t, ϕ,ψ) is a normal functional. By the necessity of Lemma 3.1,
there exists q0 > 0 such that
−V ′(2.1)
(
tm + τ, xtm+τ (tm,ϕm), xtm+τ (tm,ψm)
)
 q0.
By the comparison theorem, we have
V
(
tm + Tm,xtm+Tm(tm,ϕm), xtm+Tm(tm,ψm)
)
−q0Tm + V (tm,ϕm,ψm).
While ‖ϕm−ψm‖ δ0 and V (t, ϕ,ψ) is a controllable functional, which implies
that V (tm,ϕm,ψm) is bounded, and hence
lim
m→+∞V
(
tm + Tm,xtm+Tm(tm,Tm), xtm+Tm(tm,ψm)
)=−∞,
which contradicts the fact that V (t, ϕ,ψ) is a normal functional. The contradic-
tion shows that the solutions of (2.1) are uniformly asymptotically stable. The
proof is complete. ✷
Lemma 3.6. Assume that (2.2) and (2.3) hold. Then for any τ ∈ R+, t ∈ R,
ϕ ∈C, we have∥∥xt+τ (t, ϕ)∥∥ c((d + 1)‖ϕ‖+Mτ ) exp{cKτ }.
Proof. Since
D(t + τ )xt+τ (t, ϕ)=D(t)xt (t, ϕ)+
t+τ∫
t
f
(
s, xs(t, ϕ)
)
ds
and D is uniformly bounded and uniformly stable, from Definition 2.1 it follows
that ∥∥xt+τ (t, ϕ)∥∥ ce−bτ∥∥xt (t, ϕ)∥∥
+ c sup
tut+τ
∣∣∣∣∣D(t)xt (t, ϕ)+
u∫
t
f
(
s, xs(t, ϕ)
)
ds
∣∣∣∣∣
 c
∥∥xt (t, ϕ)∥∥+ cd∥∥xt (t, ϕ)∥∥
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+ c sup
0uτ
∣∣∣∣∣
t+u∫
t
f
(
s, xs(t, ϕ)
)
ds
∣∣∣∣∣
= c(d + 1)‖ϕ‖+ c sup
0uτ
∣∣∣∣∣
u∫
0
f
(
s + t, xs+t (t, ϕ)
)
ds
∣∣∣∣∣
 c(d + 1)‖ϕ‖
+ c sup
0uτ
[ u∫
0
∣∣f (s + t, xs+t (t, ϕ))− f (s + t,0)∣∣ds
+
u∫
0
∣∣f (s + t,0)∣∣ds
]
 c(d + 1)‖ϕ‖+ cK sup
0uτ
u∫
0
∥∥xs+t (t, ϕ)∥∥ds +Mτc
 c(d + 1)‖ϕ‖+Mτc+ cK
τ∫
0
∥∥xs+t (t, ϕ)∥∥ds
= c(d + 1)‖ϕ‖+Mτc+ cK
t+τ∫
t
∥∥xs(t, ϕ)∥∥ds.
By Bellman inequality, we have∥∥xt+τ (t, ϕ)∥∥ (c(d + 1)‖ϕ‖+Mτc)exp{cKτ }
= c((d + 1)‖ϕ‖+Mτ ) exp{cKτ }. ✷
Lemma 3.7. Assume that (2.3) holds. Then for any τ ∈ R+, t ∈R and ϕ,ψ ∈ C,
we have∥∥xt+τ (t, ϕ)− xt+τ (t,ψ)∥∥ c(d + 1)‖ϕ−ψ‖ exp{cKτ }.
Proof. Since
D(t + τ )xt+τ (t, ϕ)=D(t)xt (t, ϕ)+
t+τ∫
t
f
(
s, xs(t, ϕ)
)
ds, τ  0,
D(t + τ )xt+τ (t,ψ)=D(t)xt (t,ψ)+
t+τ∫
t
f
(
s, xs(t,ψ)
)
ds, τ  0,
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then the linearity of the operator D implies
D(t + τ )[xt+τ (t, ϕ)− xt+τ (t,ψ)]=D(t)[xt (t, ϕ)− xt (t,ψ)]
+
t+τ∫
t
[
f
(
s, xs(t, ϕ)
)− f (s, xs(t,ψ))]ds, τ  0.
From the uniform boundedness and the uniform stability of the operator D, it
follows that∥∥xt+τ (t, ϕ)− xt+τ (t,ψ)∥∥
 ce−bτ‖ϕ −ψ‖
+ c sup
tut+τ
∣∣∣∣∣D(t)[xt (t, ϕ)− xt (t,ψ)]
+
u∫
t
[
f
(
s, xs(t, ϕ)
)− f (s, xs(t,ψ))]ds
∣∣∣∣∣
 c(d + 1)‖ϕ −ψ‖
+ c sup
0uτ
∣∣∣∣∣
u∫
0
[
f
(
s + t, xs+t (t, ϕ)
)− f (s + t, xs+t (t,ψ))]ds
∣∣∣∣∣
 c(d + 1)‖ϕ −ψ‖ + cK sup
0uτ
u∫
0
∥∥xs+t (t, ϕ)− xs+t (t,ψ)∥∥ds
 c(d + 1)‖ϕ −ψ‖ + cK
τ∫
0
∥∥xs+t (t, ϕ)− xs+t (t,ψ)∥∥ds
= c(d + 1)‖ϕ −ψ‖ + cK
t+τ∫
t
∥∥xs(t, ϕ)− xs(t,ψ)∥∥ds.
By Bellman inequality, one has∥∥xt+τ (t, ϕ)− xt+τ (t,ψ)∥∥ c(d + 1)‖ϕ −ψ‖ exp{cKτ }. ✷
Lemma 3.8. Assume that (2.3) holds and the solutions of (2.1) are uniformly
stable. Then for any t ∈ R+, ϕ,ψ1,ψ2 ∈ C and ε > 0, if ‖ϕ − ψ1‖  2ε,
‖ϕ −ψ2‖ 2ε, then∣∣V (t, ϕ,ψ1)− V (t, ϕ,ψ2)∣∣ 2c(d + 1)‖ψ1 −ψ2‖ exp{cKT }.
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Proof. Lemmas 3.5 and 3.7 imply∣∣V (t, ϕ,ψ1)− V (t, ϕ,ψ2)∣∣
=
∣∣∣∣∣ sup0τT
(∥∥xt+τ (t, ϕ)− xt+τ (t,ψ1)∥∥1+ 2τ1 + τ
)
− sup
0τT
(∥∥xt+τ (t, ϕ)− xt+τ (t,ψ2)∥∥1 + 2τ1 + τ
)∣∣∣∣∣
 sup
0τT
(∥∥xt+τ (t,ψ1)− xt+τ (t,ψ2)∥∥1 + 2τ1 + τ
)
 sup
0τT
(
c(d + 1)‖ψ1 −ψ2‖ exp{cKT }1+ 2τ1 + τ
)
 2c(d + 1)‖ψ1 −ψ2‖ exp{cKT }. ✷
Lemma 3.9. Assume that (2.2) and(2.3) hold and xt (0, ϕ) is unbounded on R+.
Then there exist sequences {τm} and {tm} satisfying τm  tm, tm − τm →+∞ as
m→+∞ and ‖xτm(0, ϕ)‖= ‖ϕ‖ such that ‖xt (0, ϕ)‖ ‖ϕ‖ for t ∈ [τm, tm] and
‖xtm(0, ϕ)‖→+∞ as m→+∞.
Proof. Since xt (0, ϕ) is unbounded on R+, there exists a sequence {tm} with
tm > 0 such that tm →+∞ as m→ +∞ and ‖ϕ‖  ‖xtm(0, ϕ)‖ → +∞. For
each m, let
Gm =
{
τ ∈ [0, tm]:
∥∥xτ (0, ϕ)∥∥= ‖ϕ‖}.
It is clear that Gm is bounded and nonempty, and hence Gm has a finite limit
superior. Let τm = sup{Gm}.
In the following, we shall show that {tm} and {τm} verify the claim of Lem-
ma 3.9.
Since ‖xtm(0, ϕ)‖→+∞ as m→+∞, by the choice of τm and the continuity
of xt (0, ϕ) with respect to t , we have ‖xτm(0, ϕ)‖ = ‖ϕ‖ and ‖xt (0, ϕ)‖  ‖ϕ‖
for t ∈ [τm, tm].
Now we can claim that tm − τm →+∞ as m→+∞.
In fact, if this is not true, then {tm − τm} has a bounded subsequence
{tmk − τmk }; without loss of generality, we can assume that tmk − τmk  L. By
Lemma 3.6, we have∥∥xtmk (0, ϕ)∥∥= ∥∥xtmk (τmk , xτmk (0, ϕ))∥∥
 c
[
(d + 1)‖ϕ‖+M(tmk − τmk )
]
exp
{
cK(tmk − τmk )
}
 c
(
(d + 1)‖ϕ‖+ML) exp{cKL},
which contradicts the fact that ‖xtmk (0, ϕ)‖→+∞ as k→+∞. The contradic-
tion proves that tm − τm →+∞ as m→+∞. ✷
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Theorem 3.3. If (2.2) and (2.3) hold and the solutions of (2.1) are uniformly
asymptotically stable, then for any ϕ ∈ C, the solution xt (0, ϕ) of (2.1) is bounded
on [0,+∞).
Proof. Take ϕ0 ∈ C with ‖ϕ0‖ = δ0, where δ0 is defined in Definition 2.3.
First, we shall prove that xt (0, ϕ0) is bounded on [0,+∞).
If the statement is false, then by Lemma 3.9 there exist sequences {τm} and
{tm} such that
τm  tm,
∥∥xτm(0, ϕ0)∥∥= ‖ϕ0‖ = δ0;
tm − τm →+∞,
∥∥xtm(0, ϕ0)∥∥→+∞, as m→+∞;∥∥xt (0, ϕ0)∥∥ δ0, t ∈ [τm, tm].
Take δ > 0 (sufficiently small) such that cMδ exp{cKδ} δ0/2. For any t, t+ δ ∈
[τm, tm], one has ‖xt+δ(0, ϕ0)‖ δ0. By Lemma 3.6, we have∥∥xt+δ(t,0)∥∥ cMδ exp{cKδ} δ02 ,
and hence∥∥xt+δ(0, ϕ0)− xt+δ(t,0)∥∥ δ02 .
Let ε = δ0/4. By Lemma 3.8, one has∣∣V (t + δ, xt+δ(0, ϕ0),0)− V (t, xt+δ(0, ϕ0), xt+δ(t,0))∣∣
 2c(d + 1)∥∥xt+δ(t,0)∥∥ecKT ,
where T = T (δ0/4)= T (ε).
The last expression and Lemma 3.5 imply that, for any t, t + δ ∈ [τm, tm],
V
(
t + δ, xt+δ(0, ϕ0),0
)
= V (t + δ, xt+δ(0, ϕ0), xt+δ(t,0))
+ [V (t + δ, xt+δ(0, ϕ0),0)− V (t + δ, xt+δ(0, ϕ0), xt+δ(t,0))]
 V
(
t + δ, xt+δ(0, ϕ0), xt+δ(t,0)
)+ 2c(d + 1)∥∥xt+δ(t,0)∥∥exp{cKT }
= V (t + δ, xt+δ(t, xt (0, ϕ0)), xt+δ(t,0))
+ 2c(d + 1)∥∥xt+δ(t,0)∥∥exp{cKT }
 sup
0τT
(∥∥xt+τ (t, xt (0, ϕ0))− xt+τ (t,0)∥∥1+ 2(τ − δ)1 + (τ − δ)
)
+ 2c(d + 1)∥∥xt+δ(t,0)∥∥exp{cKT }
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= sup
0τT
(∥∥xt+τ (t, xt (0, ϕ0))− xt+τ (t,0)∥∥1 + 2τ1 + τ
×
(
1− δ
(1 + 2τ )(1+ τ − δ)
))
+ 2c(d + 1)∥∥xt+δ(t,0)∥∥exp{cKT }
 sup
0τT
(∥∥xt+τ (t, xt (0, ϕ0))− xt+τ (t,0)∥∥1 + 2τ1 + τ
(
1 − δ
(1+ 2T )2
))
+ 2c(d + 1)∥∥xt+δ(t,0)∥∥exp{cKT }
 V
(
t, xt(0, ϕ0),0
)(
1 − δ
(1+ 2T )2
)
+ 2c(d + 1)∥∥xt+δ(t,0)∥∥exp{cKT }.
For any t ∈ [τm, tm], we have
V ′(1.1)
(
t, xt (0, ϕ0),0
)
= lim
δ→0+
1
δ
[
V
(
t + δ, xt+δ(0, ϕ0),0
)− V (t, xt (0, ϕ0),0)]
− 1
(1 + 2T )2V
(
t, xt(0, ϕ0),0
)
+ 2c(d + 1) lim
δ→0+
1
δ
cMδ exp{cKδ} exp{cKT }
− 1
(1 + 2T )2V
(
t, xt(0, ϕ0),0
)+ 2c2(d + 1)M exp{cKT }.
Then, for any t ∈ [τm, tm], from the comparison theorem it follows that
V
(
t, xt(0, ϕ0),0
)
= exp
{
− t − τm
(1 + 2T )2
}[
V
(
τm, xτm(0, ϕ0),0
)
− (1+ 2T )22c2(d + 1)M exp{cKT }]
+ (1+ 2T )22c2(d + 1)M exp{cKT }
 V
(
τm, xτm(0, ϕ0),0
)+ (1+ 2T )22c2(d + 1)M exp{cKT }.
Let t = τm. Then
V
(
tm, xtm(0, ϕ0),0
)
 V
(
τm, xτm(0, ϕ0),0
)
+ (1 + 2T )22c2(d + 1)M exp{cKT }.
Since V (t, ϕ,ψ) is a controllable functional and ‖xτm(0, ϕ0)‖ = δ0, then∣∣V (τm, xτm(0, ϕ0),0)∣∣W(∥∥xτm(0, ϕ0)∥∥)=W(δ0),
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and hence
V
(
tm, xtm(0, ϕ0),0
)
W(δ0)+ (1 + 2T )22c2(d + 1)M exp{cKT }.
By Lemma 3.3, we have∥∥xtm(0, ϕ0)∥∥W(δ0)+ (1 + 2T )22c2(d + 1)M exp{cKT },
which contradicts the fact that ‖xtm(0, ϕ)‖→+∞ as m→+∞. The contradic-
tion proves that xt (0, ϕ0) is bounded on [0,+∞).
For any ϕ ∈C, we can take ϕ1, ϕ2, . . . , ϕm ∈ C, such that
‖ϕ0 − ϕ1‖< δ0, ‖ϕ1 − ϕ2‖< δ0, . . . , ‖ϕm − ϕ‖< δ0.
The uniformly asymptotic stability of the solutions of (2.1) implies∥∥xt (0, ϕ0)− xt (0, ϕ)∥∥ ∥∥xt (0, ϕ0)− xt (0, ϕ1)∥∥+ · · ·
+ ∥∥xt (0, ϕm)− xt (0, ϕ)∥∥→ 0,
as t → +∞, and hence xt (0, ϕ) is bounded on [0,+∞). The proof is com-
plete. ✷
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